High-dimensional estimation of counting

process intensities

Sarah Lemler
Thesis supervisors : Agathe Guilloux
Marie-Luce Taupin

Laboratoire "Statistique et Génome", LaMME

Onziéme Colloque Jeunes Probabilistes et Statisticiens
Forges-Les-Eaux, du 6 au 11 avril 2014

tatistique sessns S B
et éenome ssuss
sssmsnms for b
iology
m
LaMME fnflsficsys ens

Sarah Lemler (Statistique et Génome) 1/32




@ Framework and model
o Context
@ Counting processes and multiplicative Aalen intensity model
o Model
© Oracle Inequalities for the Lasso in the high-dimensional Aalen
multiplicative intensity model
@ Estimation procedure
@ Slow non-asymptotic oracle inequality on the intensity
@ Comparison with the existing results for the Cox model

© Estimation of the intensity in the Cox model using a two-step procedure
@ Model and framework
@ Estimation of the regression parameter
@ Estimation of the baseline function
@ Non-asymptotic oracle inequality for the baseline function
@ Simulations

Sarah Lemler (Statistique et Génome) 2/ 32



© Framework and model
o Context

@ Counting processes and multiplicative Aalen intensity model
@ Model

Sarah Lemler (Statistique et Génome) 3/32



Framework and model

Context and notations

Context :
o Example :

» n = 144 lymph node positive breast cancer patients

» Variable of interest : Metastasis-free follow-up time, that can be
right-censored

» Covariates : 5 clinical variables, 70 levels of gene expression
Goal : to predict the survival from metastasis for the breast cancer
adjusted on covariates
Specific case of right censoring :
@ For individual i, i =1,...,n
» T survival time,
» (; censoring time,
» §; = L1,<c, censoring indicator
@ Observations : X; = min(7;,C;), §; and Z; = (Z; 1, ..., Z,-7p)T
@ [0, 7] time interval between the beginning and the end of the study
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Framework and model

Counting processes and multiplicative Aalen intensity model

Counting processes in the case of right censoring :
o Y;(t) = 1 x,> at-risk process
o N;(t) = lyx,< 5,—1} counting process
@ Observations : (Z;, N;(t),Yi(t),i=1,...,n,0 <t <7T)

Let A;(t) be the compensator of N;(t), so that
M;(t) = Ni(t) — Ai(t) € M2,

Assumption 1. N; satisfies the Aalen multiplicative intensity model : for
allt >0,

Ai(t):/o Mo(s, Z;)Yi(s)ds,

where g is an unknown nonnegative function called intensity
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Framework and model

Model

e Conditional hazard rate function of the survival time T; :

1
Nolt, Zi) = lim —P(t <T; <t +dt|T; > 1, Z;)

dt>od

< characterizes the conditional distribution of T}

@ The Cox model
Ao(t, Z;) = ao(t) exp(fo(Zi))
fo the regression function and «q the baseline hazard function

@ To predict the survival :

_|_
0
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+ .
E(T;) = / % o= Jao(s)elo(Zis g
0

= Estimation of both parameters
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Estimation in the multiplicative Aalen intensity model

Assumptions and definitions

The multiplicative Aalen intensity model :
dN;(t) = Xo(t, Z;)Y;(t)dt + dM;(t), i=1,...,n
where M; = N; — A; € M3 .

Approximation of )\g in the multiplicative Aalen intensity model :

@ Two dictionaries :

Far = {f1.e far} where f;: B = R, ||l o= max | f;(Z:)| < o0

Gy = {b1,....0n} where 5, : R} = R, ||k]|oc = tren[gx]wk(t)\ < 00

)

o Candidates for the estimation of Ao : Ag~(t, Z;) = a(t)ef8(Zi),

where logay = Z%Qk and fg= Z/B]fj

7j=1
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Estimation in the multiplicative Aalen intensity model

Simultaneous weighted Lasso procedure

@ Lasso procedure : minimization of an ¢1-penalized criterion
Estimation of 3 and ~ simultaneously via a weighted Lasso procedure :

(Br,AL) = argmin  {Ch(\g~) + pen(B) + pen(v)},

M N
with  pen(8) = > w;|8;] and pen(v) = dill;
i=1 k=1

w; and dj, positive data-driven weights to be defined

o Estimation criterion : the total empirical log-likelihood

n

CalAgy) = —%Z { /0 "log A (t Z2)dN; () — /0 Aan(t, Zi)Y,-(t)dt}

=1
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Estimation in the multiplicative Aalen intensity model

Estimation criterion and loss function

@ Advantages of the Lasso procedure :

e \ 9
e convex minimization problem \(\k\:\
. . R HRRRY
= computable in practice NN
. . RGN
o sparsity of the Lasso estimator ﬁ‘;\\',\\ﬁ,

= results easily interpretable

@ Loss function : the empirical Kullback divergence

Iem [T
Ra(oAga)= 1> /O (log Mo(t, Zs) —log Mg~ (£, Zs))Nolt, Z5)Yi(t)dt
=1
I [T
=230 [ ol 20 = it ZO)i(0)
i=1
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Slow non-asymptotic oracle inequalities on the intensity

Comments on the inequality

Theorem : Slow non-asymptotic oracle inequality for A\g

With large probability, we have

a0 g, 5,) < o nf (a0 Ags) +2pen(8) + 2pen(y)).

with pen(B3) + pen(y) ~ ||8l[1+/log M/n + [[7|1v/1og N/n.

» First non-asymptotic oracle inequality on the intensity

» With further assumptions, fast non-asymptotic oracle inequality of
order max{log M /n,log N/n}

» Choice of N of order n to estimate a.y (see Bertin et al. (2011))

= in a high-dimensional setting, leading error term of order \/log M /n or
log M/n
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Comparison with the existing results for the Cox model

Preprints on non-asymptotic oracle inequalities for the Lasso in the Cox model
Model : )\0(75, Zz) = Oéo(t)efo(zi)
e Kong and Nan (2012) : results on fj, lower rate of convergence,
confidence that depends on n and M

e Bradic and Song (2012) : results on fy, fo taken in the dictionary
o Huang et al. (2013) : results on fo(Z;(t)) = BL Z;(t)
All results are based on the Cox partial log-likelihood :

Colhgy) = —%Z{ /0 "log Ag A (£, Zi)ANi(t) — /0 "ot Z)yi(ar}
=23 { [ w0087 )N )}~ [y 015, 1t
B " ofolZ . 1, (2
2 {08 g 0} with 5.0 = 1)

=1

17 (fa) Cox partial log-likelihood
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© Estimation of the intensity in the Cox model using a two-step procedure
Model and framework

Estimation of the regression parameter

Estimation of the baseline function

Non-asymptotic oracle inequality for the baseline function
Simulations
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Estimation of the intensity in the Cox model using a

two-step procedure

Model and framework

The Cox model : .
)\0(75, Zz) = Oéo(t)eﬁo Zi
Goal : Estimation of ay :
» non-parametrically
» adaptively

» using model selection
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Estimation of the intensity in the Cox model using a

two-step procedure

Usual procedure

Usually :
» Estimation of Bg using the Cox partial log-likelihood
» Breslow estimator f\gr of the cumulative baseline function

» Kernel estimator dgem (cf. Andersen et al., 1993) :

t — u 1
a ern 2 dNZ(“)?
® Z / Z?ﬂ P ZiY; (u)

for some bandwidths b > 0.

< any theoretical adaptation result on the estimation of «y
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Estimation of the intensity in the Cox model using a

two-step procedure

Our procedure

We propose :

» the estimation of B¢ with the Cox partial log-likelihood and the use of
existing results in high-dimension

» the construction of an adaptive estimator of «g depending on the
estimation of Bg

» an estimation in small-dimension and in high-dimension
» theoretical results on the estimation of ag

» comparison between the two procedures (the Kernel procedure and the
model selection procedure) through simulations
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Estimation of the regression parameter 3g

For the estimation of Gy :
eﬂTZ
» Cox partial log-likelihood I (3 Z / log o Ni()

> In high-dimension, from Huang et a|. (2013),

3 , log p
Br, = argmin{1:(8) + /22|81, }.
Jé; n
Under some classical assumptions, they obtain

log p
n

1BL — Boll < C(s)
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Estimation of the regression parameter Bg

Assumption 4. There exists a positive constant B such that for all
ie{l,...,n}andje{l,..,p} |Z; <B.

Proposition

Under Assumption 4,

1852 — BT 2l < C'()y 22 )

Remark : The estimation of aq hardly depends on the estimation of Gg

< We assume that we have a 3 that verifies Equation (1).
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Estimation of the baseline function oy

Estimation procedure

@ Criterion of estimation :

Cola,B) = -2 /0 CadN() + -y /O " 0216 2y (1) dt
i=1

n < n -
= 1=

@ Norms associated to the criterion of estimation :

rand

1 [7
» Random norm : ||a|? — g / a2(t)eBgZiYi(t)dt
n “ 0
i=1
-

» Deterministic norm : ||a||2,, :/ a2(t)E[eBgZIY1(t)]dt
0
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Estimation of the baseline function oy

Estimation procedure

If we minimize C),(«, Bo) over all «, we find co.
= restriction to approximated parametric models

Models collection :
> {Sp,m € M,} a collection of models such that

Sm={a:alt)= Y al'gl{),d € R},

J€Im

where (¢")je.s,, is an orthonormal basis of (L2 N L*°)([0, 7])

» D, = |Jpm|, the cardinality of S,
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Estimation of the baseline function oy

Estimation procedure

Let define :

» Candidates for the estimation of aq : for m € M,,,

ézfi = arg min{C,, (e, B)}
QESm

» Projection of ag on Sy, : aum

» Selection of the relevant space :

P = arg min{Cn(dérmé) + pen(m)}
meMy,

» Final estimator : a(t) = ézfmé(t)
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Non-asymptotic oracle inequalities for the baseline function

Theorem (Non-asymptotic oracle inequality for the baseline function)

Let assume that maxD,,, < /n/logn and let define the penalty as

mGMn

follows : Dy,
pen(m) := Ko(1 + ||0<0||oo)7,

where K is a numerical constant. Under classical assumptions, we have

- . C log p
E[||& — aol|3e] < ro_inf {|lao — auml|Ze; + 2 pen(m)} + = + C'(s)——
meMy, n n

9

where ko = C(Ta ¢7 ||C“OHO<>7 fO:eBHﬁOHI)'
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Estimation of the baseline function oy

Simulations

Simulations :
» n=1000
» Design matrix : Z ~U([—1,1]), Z € R"*P
» Rate of censoring ~ 20%
> ap(t) = aXt® ! (Weibull distribution)

@ "small-dimension" : p =7, Bo = (0.1,0.3,0.5,0,0,0,0)
@ "high-dimension" : p = 30, Bp = (0.1,0.3,0.5,0,...,0) € R
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Estimation of the baseline function oy

Simulations

@ Estimation of Gy :

» function coxph on R (whithout penalization)
» function glmnet on R (¢1-penalization)
» function glmnet+coxph on R (first variable selection, then estimation)

@ Estimation of op :
» Kernel estimator :
> Epanechnikov kernel

3
K(u) = (1= u)ju<1

> Choice of the bandwidth by cross-validation
» Model selection

1
> Histogram basis : ¢;(t) = 72m/21[(j_1)7/2m’]'7-/2m[(t), for
T
j=1,..,2™ Dy, = 2™
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Estimation of the baseline function ay |

Simulations : p small

© Estimations of B¢ = (0.1,0.3,0.5,0,0,0,0) :

> function coxph on R (whithout penalization) :
Beowph = (0.14,0.32,0.47,—-0.03, —0.01, 0.04, —0.001)

> function glmnet for the Cox model on R (¢;-penalization) :
Bgtmmnet = (0.09,0.27,0.42,0,0,0,0)

> function glmnet+coxph on R (first variable selection, then estimation)
ﬁglmnet-}-comph = (014, 032, 047)
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Estimation of the baseline function oy |l

Simulations : p small

@ Estimation of oy :

© -
@
o
S
© 7
é —— ModelSelecEstGImnetCoxph
8 —— KernelEstGImnetCoxph
E < —— alpha0
=
£
T
<
<
<
S
©
T
£ o d
o -

c(0:(2*hatmglmcox - 1)) * tau/2*hatmglmcox

Sarah Lemler (Statistique et Génome) 26 / 32



Estimation of the baseline function ay |

Simulations : p of order \/n

@ Estimations of B9 = (0.1,0.3,0.5,0,...,0) € R :

» glmnet for variable selection : selection of 11 variables

» coxph on these 11 variables :

B = (0.15,0.27,0.45, 0.09, —0.06, 0.08, —0.1, —0.11,0.07,0.17, 0.09)
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Estimation of the baseline function oy |l

Simulations : p of order \/n

@ Estimation of oy :

© -
© -
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» Improvement of the simulations (increase in p, variation of the
censoring...)

» Comparison between the two methods to estimate the whole
intensity :

» the one-step procedure : £1-procedure on ag and on 3g
» the two-step procedure : ¢1-procedure to estimate Bg and then
Lo-procedure to estimate ayg
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