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Introduction

iption of the problem

v of the literature

@ Let Xi,...,X,, be nindependent and identically distributed
p-vectors, Xi = (Xk 1, - - ,Xk,p)T forall k=1,...,n,
following a multivariate normal distribution A/, (0, X).
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of the problem
the literature

@ Let Xi,...,X,, be nindependent and identically distributed
p-vectors, Xi = (Xk 1, - - ,Xk,p)T forall k=1,...,n,
following a multivariate normal distribution A/, (0, X).

@ We assume that n, p — +oc.
o Goodness-of-fit test problem:

Hy : ¥=1Id
Hi : X #Id where Id is the p x p identity matrix
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Introduction

of the problem

f the literature

@ Let Xi,...,X,, be nindependent and identically distributed
p-vectors, Xi = (Xk 1, - - ,Xk,p)T forall k=1,...,n,
following a multivariate normal distribution A/, (0, X).

@ We assume that n, p — +oc.

o Goodness-of-fit test problem:

Hy : ¥=1Id
Hi : X #1Id where Id is the p x p identity matrix

@ The distance between Hy and H; can be evaluated by
considering different norms. For example :
I —ldllF = ¢, |X—1d|q = ¢, for g € N.
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Introduction

iption of the problem

v of the literature

@ We restrict the set of matrices under the alternative to the
collection of matrices whose elements decrease polynomially
when moving away from the diagonal:

1P
Flo, L) ={L € Coo; = > Y ogli—j* < L, Vp and 0j = 1}

P j=1

J>i
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Introduction

of the problem

the literature

@ We restrict the set of matrices under the alternative to the
collection of matrices whose elements decrease polynomially
when moving away from the diagonal:

Fla,L)={X € C>0, g g o \/—J!2a<L Vp and o = 1}
i=1 j=1
J>i

@ Testing problem :
Ho : ¥=1
1
Hy : ¥ € F(a,L), such that gHz —1||% > 2

Denote Q(a, L, ) ={X € F(a,L) ZZUU >

/1]1
J>i
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Introduction

Description of the problem

of the literature

@ Also we consider the particular case when ¥ is a Toeplitz
covariance matrix, i.e. 0}k = o) forall0 < k < p—1.
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Introduction

iption of the problem

v of the literature

@ Also we consider the particular case when ¥ is a Toeplitz
covariance matrix, i.e. 0}k = o) forall0 < k < p—1.

o Class of Toeplitz matrices :

p
T(a,L) ={X € Cs0,X is Toeplitz ; Y _ k**o} < L,¥p and 0o = 1}
k=1
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Introduction

Description of the problem
of the literature

@ Also we consider the particular case when ¥ is a Toeplitz
covariance matrix, i.e. 0}k = o) forall0 < k < p—1.

o Class of Toeplitz matrices :

T(a, L) = {X € Csg, X is Toeplitz ;Ep: k?*g2 < L,¥p and o9 = 1}
k=1
@ The alternative is given by :
p—1
Y € T (o, L) such that > o7 > ¢
k=1
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Introduction Description of the problem

Over of the literature

@ Also we consider the particular case when ¥ is a Toeplitz
covariance matrix, i.e. 0}k = o) forall0 < k < p—1.

o Class of Toeplitz matrices :
P

T(a,L) ={X € Cs0,X is Toeplitz ; Y _ k**o} < L,¥p and 0o = 1}
k=1

@ The alternative is given by :

p—1
Y € T (o, L) such that > o7 > ¢
k=1

p—k

@ Remark : heuristically o2 replaces ——— 2.
y o) rep p_ka1 JG+k)
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Introduction

iption of the problem

v of the literature

@ Recall that a stationary Gaussian process Xj, j > 1 with
covariances oy = cov()(j,)(j+k), has spectral density f, given
by : 1

f(x) = o (Uo +2 Z akcos(kx)> for x € [—m, 7]
k=1
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Introduction

of the problem

f the literature

@ Recall that a stationary Gaussian process Xj, j > 1 with
covariances oy = cov()(j,)(j+k), has spectral density f, given
by :

1 oo
f(x) = o (Uo + 2Zakcos(kx)) for x € [—m, 7]
k=1

o Ermakov (1994), gives the sharp minimax rate for the
following testing problem associated to the spectral density :

Ho:f=1f vs Hy:f#fsuchthat||f—fls> .

This coincides with the case ¥ Toeplitz and n = 1.
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Introduction

of the problem

f the literature

Recall that a stationary Gaussian process X;j, j > 1 with
covariances oy = cov()(j,)(j+k), has spectral density f, given
by :

1 oo
f(x) = o (Uo + 2Zakcos(kx)) for x € [—m, 7]
k=1

Ermakov (1994), gives the sharp minimax rate for the
following testing problem associated to the spectral density :

Ho:f=1f vs Hy:f#fsuchthat||f—fls> .

This coincides with the case ¥ Toeplitz and n = 1.

Gobulev, Nussbaum and Zhou (2010 Ann. Stat.) gives the
adaptive testing rate for the spectral density model using the
asymptotic equivalence to Gaussian white noise.
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Introduction

the problem
e literature

@ A test 1 is a measurable function with respect to the
observations, taking values in {0,1}. The total error
probability of ¢

(W, Qe, L)) = n(v) + B(¥, Qla, L))

where, type | error probability

n(y) =Pi(=1)

and maximal type Il error probability

ﬁ(wa Q(a7 L, SO)) = sup ]P)Z(w = 0)

{reQ(a,Le)}

Denote by v the minimax total error probability over

Q(a, L)
Y= ’Y(Q(Ot, L, <P)) = i?pf 7(?/)» Q(av L, 90))
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Introduction

iption of the problem

v of the literature

@ Our goal is to describe ¢ = @(n, p), called the separation rate,
such that, on the one hand,

in this case we say that we can not distinguish between the
two hypotheses.
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Introduction

of the problem

the literature

@ Our goal is to describe ¢ = @(n, p), called the separation rate,
such that, on the one hand,

in this case we say that we can not distinguish between the
two hypotheses.

@ On the other hand, there exists a test v such that, its total
error probability tends to 0

(W, Qe L)) — 0 if % s too

and we say that v is a consistent test procedure. Therefore
we can distinguish between the two hypotheses.

Note that in the following the asymptotic are taken when

p — o0 and n — .
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Introduction

Description of the problem

Overview of the literature

Testing the covariance matrix has been studied by several methods
in the case of high-dimensional settings:

@ The largest eigenvalue (Johnstone 2001 Ann. Stat.),
( Berthet and Rigollet 2013 Ann. Stat.).
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Testing the covariance matrix has been studied by several methods
in the case of high-dimensional settings:

@ The largest eigenvalue (Johnstone 2001 Ann. Stat.),
( Berthet and Rigollet 2013 Ann. Stat.).

e Modifying to the Likelihood ratio (Srivastava 2006), (Bai and
al. 2009 Ann. Stat.), the last authors used results from
random matrix theory
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Introduction

Description

Overview of terature

Testing the covariance matrix has been studied by several methods
in the case of high-dimensional settings:

@ The largest eigenvalue (Johnstone 2001 Ann. Stat.),
( Berthet and Rigollet 2013 Ann. Stat.).

e Modifying to the Likelihood ratio (Srivastava 2006), (Bai and
al. 2009 Ann. Stat.), the last authors used results from
random matrix theory

e Maximum deviation (Xiao and Wu 2011 arXiv)

M, = max|6;; — ojj]
1J
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Introduction

Description

Overview of terature

Testing the covariance matrix has been studied by several methods
in the case of high-dimensional settings:

@ The largest eigenvalue (Johnstone 2001 Ann. Stat.),
( Berthet and Rigollet 2013 Ann. Stat.).

e Modifying to the Likelihood ratio (Srivastava 2006), (Bai and
al. 2009 Ann. Stat.), the last authors used results from
random matrix theory

e Maximum deviation (Xiao and Wu 2011 arXiv)

M, = max|6;; — ojj]
1J

e Modifying the following statistic :

tr(S, — Id)?, where S, is the is the sample covariance matrix
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Introduction

Description of the problem

Overview of the literature

e Ledoit and Wolf (2002, Ann. Stat.) proposed the following
test statistic:

2
p n\ p

where S, is the sample covariance matrix.
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Introduction . .
Description of the problem

Overview of the literature

Ledoit and Wolf (2002, Ann. Stat.) proposed the following
test statistic:

1 tr(S5,)\ 2
W, = =tr(S, — Id)* — B(M) +
P n\ p
where S, is the sample covariance matrix.

Chen and al. (2010 JASA) proposed a U-statistic defined as
follows

1 d 2 L
= —————— XTX)? -2 XTX +1
U n(n—l) ’-jzl( I J) n; i +
i
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Introduction

Description of the problem

Overview of the literature

@ Recently Cai and Ma (2013, Bernoulli), investigated the
problem from a minimax point of view.
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Description

Overview of terature

@ Recently Cai and Ma (2013, Bernoulli), investigated the
problem from a minimax point of view.

@ They consider the alternative
Hi:Z€0;0={X € Cp; [T — 1% > %}

@ The test statistic is the U-statistic U,, proposed by Chen and
al. defined previously.
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Introduction

Description

Overview of terature

@ Recently Cai and Ma (2013, Bernoulli), investigated the
problem from a minimax point of view.

@ They consider the alternative
Hi:Z€0;0={X € Cp; [T — 1% > %}

@ The test statistic is the U-statistic U,, proposed by Chen and
al. defined previously.

@ The separation rate is ¢ = by/p/n.
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Test statistic
Testing procedure and results Upper bound theorem

Lower bound theorem

@ Test statistic :

R 1 n P
e 0 o T T
n(n—1)p 2= ij=1
£k i<j
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Test statistic
Testing procedure and results Upper bound theorem

Lower bound theorem

@ Test statistic :

1 "L

Z Z wij Xie, i X jX1,i X1 j (1)

Ik=1ij=1
£k i<j

Dp=——
" n(n—1)p

@ In order to define the weights (W;)lg,"jgp that will appear in
the optimal test procedure, and to distinguish the alternative
from the null at the best, we have to resolve the following
extremal problem:

1< 1 &
* k2 inf 2
— WUUU = sup n — WUUU
P ij=1 (wy)y = wy>0;) [T Z=(0y)iji| P ij=1
1<J I5P 21 YeQ(a,L,p) 1<J
p~ij=1"0
i<j
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Test statistic
Testing procedure and results Upper bound theorem

Lower bound theorem

The solutions of the optimization problem given above are:

=g (57, o= (1=
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Test statistic
Testing procedure and results Upper bound theorem

Lower bound theorem

The solutions of the optimization problem given above are:

i a0 (). a5,

2a+1

o T=[Cr(a,L)-¢ ], A=GCla,l) ¢ =
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Test statistic
Testing procedure and results Upper bound theorem

Lower bound theorem

The solutions of the optimization problem given above are:

i a0 (). a5,

o T=[Cr(a,L)-¢ ], A=ClaL)-p o

e b%(yp Z 0*4 C(a, L) - g04aa+1

/,_/ 1
i<j

Rania
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Test statistic
Testing procedure and results Upper bound theorem

Lower bound theorem

The solutions of the optimization problem given above are:

= i () =2 (-5,

2a+1

o T=[Cr(a,L)-¢ ], A=GCla,l) ¢ =

1 P 4a+1
o B(p)= oo Y aff = Clay 1) 6™
Piiza
i<j
1< 1 1
o wi>0, -— wi2=2 and supw’x= ——.
Y P ,.JZ_:l So2 iy VT
i<j
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Test statistic
Upper bound theorem

Testing procedure and results
Lower bound theorem

Proposition
Assume ¢ — 0, a > 1. Under the null hypothesis:

~ ~ 1
E[d(Dn) = O s Var,d(D,,) = m

Under the a/ternative for all X € Q(a, L, ),
T T2

* 2 N
wio; > b(p), Vars(Dp) = =5+ -5
; Pn) = =02 * 2

where, i<
i< ol TV Ex(Br) + o - BR(D
1< p(l+0(1))+c-TVT - p-Es(Dn) + - p? - E2(D,)

o(1) + ¢s - p? - E3 (D)

To<p-Es(D,)-o(1)+p- /b Ex(D,)-
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Test statistic
Testing procedure and results Upper bound theorem

Lower bound theorem

We define the following test procedure

W =I(Dp>t), t>0 (2)

Theorem (Upper bound)
Under the asymptotic conditions, additionally assume that ¢ — 0,
The test procedure 1)* defined in (4) with t > 0 has the following
properties :

Type | error probability : if n\/pt — +oo then n(*) — 0.
Maximal type Il error probability : if

n2p<p4aa+1 C(a,L) — +o0 (3)

choose t such that t < c - ap% CY2(a, L), for some constant
c; 0<c<1, then B(v*, Q(a, L,p)) — 0.
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Test statistic
Testing procedure and results Upper bound theorem
Lower bound theorem

Theorem (Lower bound)

Under the asymptotic conditions, additionally assume that
a > 1/2, if p is such that

4a+1

& Cla,L) —0

n’py

then for any test 1), we have (v, Q(«, L, v)) — 1, which implies
that

v = izfv(ib, Qa, L, p)) — L.

@

As consequence of the previous theorems @ = (C(a, L)n?p)~ Fast
is the sharp minimax separation rate.
Remark : n, p — 400 without restrictions.
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Test statistic

Upper bound theorem
Lower bound theorem
Discussion

Toeplitz matrices

@ For the particular case when ¥ is Toeplitz, we define the
following class under the alternative:

Qo Lg) ={Z € T(a, L); Y 0} > ¢

p
k=1
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Test statistic
Upper bound theorem
Lower bound theorem

Toeplitz matrices

@ For the particular case when ¥ is Toeplitz, we define the
following class under the alternative:

P
Q(a,Lg) ={Z € T(a,L);) of>¢
k=1
@ Test statistic :
N n n T
An = ,,_1222 Z Z X Xi kXG0 Xk
1—1 j=1 k:l =T+4+1 hL=T+1
J#i
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Test statistic
bound theorem
bound theorem
sion

Toeplitz matrices

@ For the particular case when ¥ is Toeplitz, we define the
following class under the alternative:

P

Qo Lo) ={Z € T(a, L);> o2 > ¢
k=1
@ Test statistic :
R n n T
T TE DRI NAL D D HEILIR
1—1 j=1 k:l =T+4+1 hL=T+1

J#i

@ Note that the previous test statistic is different from the one
proposed by Ermakov(1994) and uses the independent copies
of the stationary process that we observe.
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Test statistic

U ound theorem
Lower bound theorem
Discussion

Toeplitz matrices

We define the following test procedure

~

V*=[(A,>1t), t>0 (4)

Theorem (Upper bound)

Under the asymptotic conditions, in addition assume that ¢ — 0
and o > 1/4,

The test procedure W* defined in (4) with t > O has the following
properties :

Type | error probabilty : if npt — +oo then n(V*) — 0.
Maximal type Il error probability : if

4a+1

n?p?p s C(a, L) — 400 (5)

choose t such that t < c - ¢43§1 CY?(a, L) , for some constant
c; 0<c<1, then B(V*, Q(e, L, p)) — 0.
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Test statistic
U bound theorem
bound theorem

Toeplitz matrices : .
P Discussion

Theorem (Lower bound)

Under the asymptotic conditions, in addition assume that o« > 1/2,
if V is such that

n?p?p " Cla, L) — 0

then for any test W, we have v(V, Q(«a, L, v)) — 1, which implies
that
= I{]Uf 7(“”7 Q(a7 L, (P)) — L.

As consequence of the previous theorems & = (C(cv, L)n?p?) %1
is the sharp minimax separation rate.
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Test statistic

Upper bound theorem
r bound theorem

Discussion

Toeplitz matrices

@ Sharp minimax rate given by Ermakov(1994)

7= (C(a, L)p?) mr
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Test statistic
Upper bound the
Lower bound thec
Discussion

Toeplitz matrices

@ Sharp minimax rate given by Ermakov(1994)
? = (Cla,L)p?)

@ Cai, Ren and Zhou (2013), estimated the Toeplitz covariance
matrix over classes included in 7 («, L), with operator norm
and get the minimax rate:

( log(np) 20/ (20+1)
np '
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bound theorem
sion

Toeplitz matrices

@ Sharp minimax rate given by Ermakov(1994)
? = (Cla,L)p?)

@ Cai, Ren and Zhou (2013), estimated the Toeplitz covariance
matrix over classes included in 7 («, L), with operator norm
and get the minimax rate:

( log(np) 20/ (20+1)
np '

@ We obtain sharp minimax rates for testing
o = (C(e, L)n2p2)—ﬁ+1 and ¢ = (C(a, L)n2p)_4aaﬁ

for ¥ Toeplitz and non-Toeplitz, respectively. The additional
factor p is due to the number of unknown parameters.
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Upper bound thec
Lower bound th
Discussion

Toeplitz matrices

Thank you for your attention
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